It is known that Yang-Mills theories on non-commutative space can be derived from large-N reduced models. Gauge fields in non-commutative Yang-Mills theories can be described as fluctuations of matrices expanded about an appropriate classical solution of the reduced models. We investigate a generalization of this procedure in superfield formalism. We show that we can construct a supermatrix model such that D = 4 N = 1 super YangMills theory can be derived from it. In addition, we can couple matter supermatrices to this supermatrix model and also construct models corresponding to N = 2 and N = 4 super Yang-Mills theories. In these investigations, we need to introduce a new non-anticommutative superspace, and we investigate the definition of field theories on this space. §1. Introduction
§1. Introduction
Matrix models 1)-3) represent important proposals for a non-perturbative definition of string theory. Through various studies, it has been revealed that the matrices employed in these models can describe gauges and fields, 4) space-time, 5), 6) D-branes 1) and strings. 7), 8) Here we explain the derivation of Yang-Mills theory on non-commutative space 9), 10) from matrix models. 5) (Further explanation and definitions of our notation are in Appendix A.) We consider the large-N reduced model of Yang-Mills theory, whose action is given by
This action has a classical solutionÂ µ =p µ , corresponding to a derivative operator on a non-commutative space. Considering fluctuations ofÂ µ expanded about this solution, we can obtain the action of Yang-Mills theory on the non-commutative space,
where * indicates that the product of this action is the * -product, defined in (A . 8). This derivation is quite interesting. The original reduced model, (1 . 1), is a 0-dimensional theory. However, the derived non-commutative Yang-Mills theory, (1 . 2), has coordinate dependence. This suggests that non-commutative space can be described as a configuration of the matrices. In fact, as we show in Appendix A, translation of non-commutative coordinates, x µ → x µ + ǫ µ , can be regarded as a gauge transformation in the reduced model. Generally, such a procedure can be regarded as the generation of non-commutative space from the matrix models.
In this paper, we apply this study to a derivation of super Yang-Mills on noncommutative space from a supermatrix model. We construct a new GL(2|2, R) × U (N ) supermatrix model. The action of this supermatrix model is given by S =N g m 2πiτ Str {Â α ,Āα} 2 .
(1 . 3)
We apply the above described procedure to derive super Yang-Mills from this model. This model has a classical solutionÂ α =π α corresponding to a derivative operator on a non-commutative superspace. * )11)-16) Considering fluctuations ofÂ α expanded about this solution, we can obtain the action of a reduced model on the non-commutative superspace,
∂ ∂θα ∂ ∂θα e −V ∂ ∂θ α eV 2 ⋆ + c.c., (1 . 4) where ⋆ indicates that the product of this action is the ⋆-product, which we define in subsequent section. HereV is anN ×N matrix whose matrix elements are function of the non-commutative coordinates θ andθ. Thus, this procedure can be regarded as a generation of the non-commutative superspace from the supermatrix model. This model is a large-N reduced model of D = 4, N = 1 super Yang-Mills theory on the non-commutative superspace. In fact, if we ignore the x µ dependence in D = 4, N = 1 U (N ) super Yang-Mills theory in the superfield formalism, we can obtain (1 . 4) in the usual anti-commutative θ,θ space. From (1 . 4), if we take the commutative limit of the non-commutative fermionic coordinates, we can derive the action of super Yang-Mills theory * * ) on non-commutative space Consequently, we can obtain the super Yang-Mills theory from the supermatrix model. This result is also interesting. Though the original supermatrix model (1 . 3) does not have superspace θ,θ dependence, the reduced model (1 . 4) does. This implies that superspace can also be described as a configuration of the supermatrices. This paper is organized as follows. In §2, we study the derivation of super Yang-Mills theory. In §3, we show that we can couple matter supermatrices to the supermatrix model. Therefore, we can study the relation to the Dijkgraaf-Vafa theory. 18) In addition, we can construct supermatrix models corresponding to N = 2 and N = 4 super Yang-Mills theories. Section 4 is devoted to discussion and the proposal of possible applications. In our derivation of super Yang-Mills theory, we need to introduce a new non-commutative superspace which is different from that used in most studies. 11) We also investigate the construction of field theories on this superspace.
Appendix A contains a review of the relation between the non-commutative Yang-Mills theory and the large-N reduced model. In Appendix B, we review the construction of N = 1 super Yang-Mills theory through the covariant approach. 19) This approach is important in the study of our supermatrix model. In Appendix C, we present an explicit expression of our non-commutative coordinates in terms of GL(2|2, R) matrices. §2. Super Yang-Mills theory from a supermatrix model
The main purpose of this paper is to derive the reduced model (1 . 4) and the super Yang-Mills theory (1 . 5) from the supermatrix model (1 . 3). We explain the details of this supermatrix model in §2.1. In §2.2, we introduce our new non-commutative superspace and discuss its relation to the supermatrix model. Using this relation, we study the derivation of the super Yang-Mills in §2.3.
Supermatrix model
We investigate a GL(2|2, R) × U (N ) supermatrix model. Here we takeN to be infinite. The action of this model is given by
where g m is a constant, its mass dimension is 2, and τ = 4πi/g 2 is the gauge coupling constant. * ) The spinor indices (α,α = 1, 2) are contracted by the anti-symmetric tensor ǫ αβ and ǫαβ, and this model has SL(2, C) symmetry. The quantitiesÂ α are ferimionic GL(2|2, R) × U (N ) matrices and are defined byÂ α = A a iα T a ⊗ t i , where T a (a = 1 . . .N 2 ) are the generators of U (N ) and t i (i = 1 . . . 16) are those of GL(2|2, R). The matricesĀα are the hermite conjugates ofÂ α . Both matrices have mass dimension 1/2, corresponding to that of ∂/∂θ and ∂/∂θ.
The definition of the supertrace is
where 1 2N is a 2N × 2N identity matrix.
The model is invariant under GL(2|2, R) × U (N ) gauge transformations, and hence we haveÂ
3) whereK = K a i T a ⊗ t i , which satisfiesK =K. Furthermore, we impose constraints
on this model. The meaning of these constraints will be explained in §2.3.
Non-commutative superspace
We now introduce a non-commutative superspace and discuss a relation to the GL(2|2, R) matrix in this subsection. This relation is similar to that between the non-commutative space and the U (N ) matrix.
We consider fermionic non-commutative coordinates, which satisfy the (anti-)commutator relations
where γ αα are c-numbers. This non-commutativity is different from those studied in Ref. 11) and Ref. 14). In §4.1, we explain why we choose it and discuss the construction of 4-dimensional field theories on such a space. This non-commutative superspace can be represented by GL(2|2, R) matrices. It is convenient to take γ αα = γδ αα by applying a SL(2, C) transformation. Then, the following matrices satisfy the (anti-)commutator relations (2 . 5):
Note that these matrices, their productsθ 2 ,θ αθα , . . . ,θ 2θ2 and the identify matrix 1 4 are all linearly independent. In Appendix C, this is confirmed by studying their explicit expressions. Therefore, 1 4 ,θ, · · · ,θ 2θ2 can be regarded as the bases of GL(2|2, R).
We can regard these matrices as fermionic non-commutative coordinates, and consider a field theory on them corresponding to the matrix model. 14)-16), 20) First, a matrixÔ can be mapped to a corresponding field O(θ,θ) on the non-commutative superspace via the Weyl ordering:
Then, the product of two matrices,Ô 1Ô2 , corresponds to O 1 ⋆ O 2 (θ,θ), where this ⋆-product is defined by
Next, we introduce derivative operators on this space aŝ
where β αβ is the inverse of γ αβ :
Then, these matrices satisfy the following anti-commutation relations
Hence {π α ,Ô] corresponds to ∂/∂θ α O, where we take a commutator or an anticommutator according to the statistics ofÔ. Finally, an integral on this space is equivalent to a supertrace:
Here, the mass dimension of det γ is −2, which is consistent with the dimension of the left-hand side. Through these relations, we can map GL(2|2, R) matrix models to field theories on the non-commutative superspace.
Super Yang-Mills theory from the supermatrix model
In the first half of this subsection, we derive the reduced model (1 . 4) on the non-commutative superspace from the supermatrix model (2 . 1). In the second half, we consider the commutative limit of this superspace and show that D = 4 N = 1 super Yang-Mills theory on non-commutative space (1 . 5) can be derived from the reduced model (1 . 4). 14) We start by analyzing the supermatrix model (2 . 1). Because we impose the constraints (2 . 4) on the supermatrix model, the action becomes 13) whereΛ αβ andΛαβ are Lagrange multipliers. Then, we can derive the equations of motion,
and we can find the classical solution
whereπ α is defined in (2 . 9). We consider fluctuations ofÂ α expanded about this solution. The constraints (2 . 4) require these fluctuations to bê 16) whereω is an arbitrary complex matrix. Here, the expressionÂ α = e −ωπ α eω is reminiscent of the expression of the covariant derivative ∇ α = e −Ω D α e Ω in the covariant approach (B . 19). In the case of the derivation of non-commutative YangMills theory, it is known that the matricesÂ µ correspond to the covariant derivative D µ = ∂ µ + ia µ , where a µ are the gauge fields. In our case, the matricesÂ α correspond to ∇ α . * ) Accordingly, the constraints (2 . 4) correspond to the representation preserving constraints (B . 18). Then, the action expanded about the solution becomes
Through the relations studied in §2.2, we can map this action to
where the trace is taken over the U (N ) group. The matricesω has been mapped tô Ω(θ,θ) by the Weyl ordering (2 . 7), and thisΩ is anN ×N matrix whose elements are functions of the non-commutative coordinates θ andθ.
Here we emphasize that the original supermatrix model (2 . 1) does not haveθ dependence. By considering this model expanded about the classical solution (2 . 15), θ is introduced. Consequently, we can map the supermatrix model to the reduced model (2 . 18) . This is the generation of the non-commutative superspace from the supermatirx model.
Let us now derive the action (1 . 4). First, we expand the term in the parentheses of (2 . 18). This gives
Here we can ignore the second and the third terms, since the second is proportional to the trace of the anti-commutator and the third is a constant factor. Then, the action can be calculated as
In the last equation, everyΩ andΩ appear in the combination eΩeΩ or its inverse, and thereby it is convenient to define
From this definition, it is clear thatV satisfiesV =V, and thusV corresponds to a vector superfield. By using this, the action becomes
As is well known, the integral of the fermionic coordinates can be replaced by a derivative as
Then, we obtain the action
This action represents the large-N reduced model of D = 4, N = 1 super Yang-Mills theory on the non-commutative superspace. Actually, when we take the commutative limit γ αα → 0, we can obtain this model by simply ignoring the x µ dependence in the U (N ) super Yang-Mills theory in the superfield formalism.
In the latter half of this subsection, we take the commutative limit γ αα → 0 and derive the super Yang-Mills theory from the reduced model. In the action (2 . 22), we can integrate the fermionic coordinates θ and integrate out matrices corresponding to auxiliary fields after an appropriate gauge fixing. We are them able to obtain the large-N reduced model of the super Yang-Mills theory in the component formalism, This solution is equivalent toÂ µ =p µ ⊗ 1 n (A . 5) in the component formalism. Ifθ α andθα do not anti-commute, this solution does not satisfy the equation of motion (2 . 14). Therefore, we need the commutative limit. Note that this solution implieŝ
in the original supermatrix model. We can expand eV about this solution as
where we have definedÂ ≡ −θσ µθp µ . Then, the action becomes
Here it is convenient to use the following equations:
where the matrix f (x) corresponds to the non-commutative field f (x) via the Weyl ordering (A . 7). Now, through the mapping rules given in Appendix A, we can map this reduced model to the super Yang-Mills theory on the non-commutative space, whose action is
Then, it is reasonable to identify this x µ as y µ (= x µ + iθσ µθ ) in the ordinary notation, since
in the y µ expression. In addition, it is known that √ det C is proportional toN , 14) and therefore we take the constant g m asN
Then, we obtain the action of the super Yang-Mills theory, * )
Thus, we have derived the super Yang-Mills theory from the supermatrix model. In the above derivation, it was necessary to take the commutative limit γ αα → 0. However, if we consider the super Yang-Mills theory (2 . 35) on 4-dimensional non-commutative superspace (x µ , θ,θ), it may not be necessary to take this limit. Actually, as we show in §4.1, field theories on such a superspace can be defined. We might be able to find a classical solution in the supermatrix model which is such that the action expanded about it can be directly mapped to the super Yang-Mills theory on the non-commutative superspace. In order to find a proper solution, we can also add appropriate CS terms to the action of the supermatrix model, as done in the studies of fuzzy spheres. 21) Finally, we discuss the symmetry of this theory. The super Yang-Mills theory possesses N = 1 supersymmetry and U (n) local gauge symmetry. The supersymmetry is generated by the derivatives ∂/∂x µ , ∂/∂θ α and ∂/∂θα, and the gauge symmetry is generated by a (anti-)chiral superfield which is a function of (x µ , θ α ,θα). Thus, these two symmetries are quite different in ordinary field theory. However, the coordinates (x µ , θ α ,θα) and their momentum are essentially equivalent in the supermatrix model. Therefore, these two symmetries are unified into the GL(2|2, R)×U (N ) gauge symmetry (2 . 3) in the original supermatrix model. Note that this supersymmetry is different from the original N = 1 supersymmetry, since we use the non-commutative superspace and the commutation relations between the supercharges are deformed. When we take the commutative limit γ αα → 0, the original supersymmetry is reproduced. §3. Matter superfields and extended supersymmetries
In this section, we consider models coupled to matter superfields. In order to do this, we define supermatricesΦ andΦ corresponding to the (anti-)chiral superfields Φ andΦ in the covariant approach. We know that the constraint equation of the matter (anti-)chiral superfield belonging to the adjoint representation is∇αΦ = 0 (∇ αΦ = 0) (B . 15). As we studied in §2, the supermatricesÂ α andĀα correspond to the covariant derivatives asÂ α ↔ ∇ α ,Āα ↔∇α. 
where W (Φ) is a superpotential and Str ′ is a new supertrace. In order to construct the supertrace corresponding to the F-term integral, d 4 xd 2 θ, we have to introduce new matricesΘ α andΘα satisfying the constraints
Accordingly, when we expandÂ α about the classical solution (2 . 15) asÂ α = e −ωπ α eω, this constraint requiresΘ α = e −ωθα eω. Using this relation, we define Str ′ as
Then, we can show that this supertrace corresponds to the integral as follows. When we consider the model expanded about the classical solution, we can solve the constraint equations (3 . 2) asΦ = eωΦ 0 e −ω andΦ = e −ωΦ 0 eω, whereΦ 0 andΦ 0 satisfy the constraints
Then, the supertrace becomes
where we have used the mapping rules in §2.2 andΦ 0 is mapped toΦ 0 (θ). * ) Actually, we can show that the last equation corresponds to the F-term of (B . 1) in the commutative limit. Because (B . 1) and (B . 23) are equivalent, the model (3 . 3) corresponds to the super Yang-Mills theory (B . 23).
We can also extend the gauge group and couple fundamental and/or bifundamental matter superfields to this model by employing the argument given in Ref. 22 ),
Here we discuss the relation to the Dijkgraaf-Vafa theory, 18) which asserts the equivalence of the supersymmetric gauge theories and the corresponding matrix models. By considering our model (3 . 3) expanded about the classical solution (2 . 15), we obtain
This model is similar to the supermatrix model studied in Ref. 14) . That model was introduced to prove the Dijkgraaf-Vafa theory. These two supermatrix models correspond to field theories on non-commutative superspaces, but the types of non-commutativity are different. Specifically, our coordinates satisfy (4 . 1), whereas theirs satisfy (4 . 2). Accordingly, the gauge groups are also different. Our group is GL(2|2, R) × U (N ) and their is U (1|1) × U (1|1) × U (N ). However, the planar diagrams do not depend on the non-commutativity. 23) Therefore, these two models are equivalent with respect to such quantities. Furthermore, by considering only the planar diagrams in the matrix model, we can prove the Dijkgraaf-Vafa theory. In this sense, we conjecture that this equivalence can also be shown through our supermatrix model. However, when we consider the non-planar diagrams that depend on the non-commutativity, these two models are distinguishable. * * ) * ) The constraint (3 . 6) implies thatΦ0(θ) does not depend onθ. * * ) It is known that the contribution of the non-planar diagrams in the matrix model corresponds to the contribution of the graviphoton in supersymmetric field theory. Let us investigate the N = 2 supersymmetry. As mentioned in §2, the GL(2|2, R)× U (N ) symmetry contains the deformed N = 1 supersymmetry. This action is also invariant under the additional four fermionic transformations
δǭĀα =ǭαΦ,
It can also be confirmed that the constraints (2 . 4) and (3 . 2) are invariant by using Jacobi identities. Iterating these transformations, we obtain
BecauseÂ α corresponds to ∇ α , the anti-commutator {Āα,Â α } should be regarded as the generator of the translation. Thus, this equation implies that the fermionic symmetries represent the supersymmetry. Therefore, this model possesses the deformed N = 2 supersymmetry.
N = 4 super Yang-Mills theory
The action of the supermatrix model corresponding to N = 4 super Yang-Mills theory is given by
where the matricesΦ i are the adjoint matter supermatrices satisfying the constraint [Āα,Φ i ]. It is known that the IIB matrix model 1) is obtained from N = 4 U (N ) super Yang-Mills theory through the large-N reduction. Therefore, we conjecture that our model is equivalent to the IIB matrix model.
It has been shown that the N = 4 U (N ) super Yang-Mills theory also has a close relation to the matrix models in studies of the AdS/CFT correspondence. 24) It might be possible to obtain an understanding of this relation through our model. §4. Discussion
We showed that super Yang-Mills theories in the superfield formalism can be derived from the supermatrix models. In this derivation, a new non-anti-commutative superspace is generated from the supermatrix model. We investigate this space in §4.1. In §4.2, we consider applications of our study.
Construction of field theory on the non-commutative superspace
Here we discuss two points concerning of the non-anti-commutative superspace. The first is the reason that we consider the non-commutative superspace (2 . 5). The second is the way to define field theories on 4-dimensional non-commutative superspace.
First we discuss the question of why we choose
instead of the ordinary non-commutative superspace {θ α , θ β } = 0 11), 14) in this study. As in Ref. 14) , let us suppose that the non-commutative coordinates satisfy the anticommutation relations
Then, we can define matricesπ α andπα aŝ
corresponding to the derivative operators, where β αβ is the inverse matrix of γ αβ :
Then, these matrices satisfy {π α ,θ β } = δ β α and {π α ,π β } = β αβ . As in §2.3, we conjecture thatÂ α =π α ⊗ 1N is a classical solution of the model. However, because we have {π α ,π β } = β αβ , this does not satisfy the constraint {Â α ,Â β } = 0. Consequently, we cannot use the same procedure. This is the reason that we chose the non-commutative superspace (4 . 1). * )
Now we consider the definition of the 4-dimensional field theories on non-commutative superspace. In §2, we studied the reduced model on non-commutative superspace, but we did not consider field theories on this space. However, in deriving the super Yang-Mills theory, if we could avoid taking the commutative limit γ αα → 0, we would obtain it. With this in mind, we discuss the definition of field theories on this space.
Among similar studies of such a definition, Seiberg's work 11) is well known. He investigated the non-commutative superspace (4 . 2) with γ * αβ = 0. In addition, he imposed the condition [x µ , θ] = 0 so that y µ and θ satisfy [y µ , θ] = 0. Then, he showed that the chiral and anti-chiral superfields can be defined and that field theories on such a space can be constructed consistently. However, this construction cannot be applied to the case of non-zero γ * αβ or our superspace (4 . 1). We show that we can construct field theories even on these spaces by introducing non-local fields.
First, we reconsider the (anti-)chiral superfield on the ordinary commutative superspace. * ) These fields satisfy the constraints
Here the derivatives D α andDα can be rewritten as 14) 6) where A ≡ iθσ µθ ∂ µ . Then, the constraint equations are solved as
Here, we can expand the exponential as 8) and (4 . 7) becomes the well-known solution. Next we apply it to the definition of the (anti-)chiral superfield on the non-commutative superspace (4 . 1). We use the right-hand side of (4 . 6) to define D andD on the non-commutative superspace as
where we have used the ⋆-product (2 . 8). Here we need to define A as the Weyl ordered form (2 . 7), since A is a function of θ andθ. The '· · · ' in the right-hand sides of these equations represent series containing differential operators and the non-commutative parameter. Now we can define the (anti-)chiral superfield so as to satisfy the constraintDα ⋆ Φ = 0 (D α ⋆Φ = 0). Then, these constraint equations can be solved as
Here, e A ⋆ x ⋆ e −A , e A ⋆ θ ⋆ e −A , e −A ⋆ x ⋆ e A and e −A ⋆θ ⋆ e A can be expanded in terms of the coordinates and the differential operators. Accordingly, the (anti-)chiral superfield is defined as the non-local field. With this definition, the (anti-)chiral superfield possesses the chiral ring property. In other words, a product of chiral superfields is also a chiral superfield. In this sense, this definition is consistent. However, evidently this theory does not possess the ordinary supersymmetry.
If we wish to consider field theories on another non-commutative superspace, (4 . 2), we have to define the Weyl ordering and the new ⋆-product as 14) O
(4 . 12)
Using these, we can also define the chiral superfield on this superspace. Next, in order to consider gauge theory, we define a vector superfield. We can simply define it byV = V and the Weyl ordered form. Then, we can construct the gauge invariant action
Consequently, field theories on the 4-dimensional non-commutative superspace (4 . 1) and (4 . 2) can be defined consistently by using the above non-local chiral superfield. In addition, we can study a deformation satisfying [x µ , x ν ] = 0 using the ordinary procedure.
We have shown that we can define gauge theory on the 4-dimensional noncommutative superspace. As stated in §2, we have not yet derived it from the supermatrix model. For further study of this derivation, this definition would be important.
Applications
In this paper, we have constructed new supermatrix models. These models are regarded as the large-N reduction of the super Yang-Mills theory in the superfield formalism. We should also be able to construct such supermatrix models in other supersymmetric theories. It is known that the large-N reduced models are important in studies of non-perturbative aspects of gauge theory and string theory. Thus, we believe that such supermatrix models are also important in supersymmetric theories. For example, these models may help in the construction of supersymmetric lattice gauge theories. It is known that lattice gauge theory can be obtained from the reduced model by the orbifolding. 25) It would be interesting to apply it to our models.
The application to Dijkgraaf-Vafa theory 14), 18), 22) is also interesting. In this theory, the free energy of the matrix models corresponds to the pre-potential of supersymmetric gauge theories. We can derive the low energy effective action of these gauge theories from the pre-potential. In order to evaluate the free energy precisely, we need to define the measure of the path integral. However, this definition is not clearly understood. For this reason, we need to define it by hand such that it reproduces the known effective theories, as in N = 1 18), 26) or N = 4 super Yang-Mills theory. 27) In this sense, we cannot derive all the information regarding gauge theories from the matrix models. However, super Yang-Mills theories can be directly derived from our supermatrix models. Therefore, we can evaluate the measure in our models. In addition, our model may allow us to understand why the free energy corresponds to the pre-potential.
In our work, we can add CS terms to the action of the supermatrix models. Then we would find classical solutions corresponding to the configuration of the fuzzy superspheres. 15) Such a study would be interesting in the investigation of supermanifolds.
Finally, we note that one interesting operator of this model is the Wilson loop,
The Wilson loop is an important operator in gauge theory, and for this reason, we believe that it is also important in our model.
These matrices satisfy the following commutation relations:
Note that only infinite rank matrices can satisfy these relations. Now we can derive a U (n) Yang-Mills theory on this space from a U (N ) matrix model with the action
whereÂ ν (µ = 1 . . . d) are hermitian matrices. We takeN to be infinite and n to be finite and defineM asN = nM . It is known that this matrix model is a large-N reduced model of a d-dimensional Yang-Mills theory. This model has the classical solution
wherep µ are theM ×M hermitian matrices defined above. Then, we defineâ µ as fluctuations ofÂ µ expanded about this solution and obtain the action
We can map this action to that of a U (n) Yang-Mills theory on the non-commutative space as follows. First, a matrixÔ can be mapped to the corresponding field O(x) on the non-commutative space via the Weyl ordering:
Then, a product of two matricesÔ 1Ô2 corresponds to a * -product of two fields:
Finally, a trace is mapped to an integral:
Applying these relations to (A . 6), we can obtain the action of the Yang-Mills theory,
where F µν is the field strength, * indicates that the product of this action is a * -product and we define
Note that we ignore a constant term in this action. The original matrix model has U (N ) gauge symmetry, and thus we havê
This transformation becomes a local U (n) gauge transformation and translations in the non-commutative Yang-Mills theory. For example, translations are generated bŷ Λ = ǫ µp µ , where the quantities ǫ µ are constants. Therefore, gauge transformations and translations are unified in the reduced model.
Appendix B Covariant Approach of N = 1 Super Yang-Mills Theory
In this appendix, we review one construction, called the "covariant approach", of N = 1 super Yang-Mills theory. 19 ) First, we review the conventional approach for constructing it. Next, we introduce the covariant approach. Finally, we discuss the relation between these two approaches.
B.1. Conventional approach
The action of the super Yang-Mills theory coupled to an adjoint matter superfield Φ 0 in the superfield formalism is described by
where τ is the gauge coupling constant, V is a vector superfield satisfying the constraint equationV = V , and W 0α is the field strength defined by
Here, Φ 0 and W 0α are chiral superfields satisfying the constraintsDαΦ 0 = 0 and DαW 0α = 0. When we consider the covariant approach, we define new chiral superfields satisfying new constraints. We need to distinguish these two chiral superfields. We use Φ 0 and W 0α in the conventional approach and Φ and W α in the covariant approach.
From this point, we consider gauge symmetries and covariant derivatives. This theory remains invariant under local U (n) gauge transformations,
where Λ (Λ) is a (anti-)chiral superfield. Then, we can define gauge chiral representation covariant derivatives ∇ cA (A = (α,α, αα)) as
(B . 6)
They transform under the gauge transformations as
Hence, when these operators act on a chiral superfield O 0 , the resultant superfields ∇ cA O 0 transform as chiral superfields. For this reason, the operators ∇ cA are called the gauge chiral representation covariant derivatives. However, when these operators act on an anti-chiral superfieldŌ 0 , the resultant ∇ cAŌ0 do not transform covariantly. Thus, we need to define the gauge anti-chiral representation covariant derivatives
These operators transform as ∇ ′ aA = e −iΛ ∇ aA e iΛ , and hence the superfields ∇ aAŌ0 transform covariantly. Now, the field strength W 0α can be described by (anti-)commutators of the covariant derivatives,
(B . 9)
B.2. Covariant approach
First, we introduce new gauge covariant derivatives satisfying
These derivatives transform covariantly under the new gauge transformations
where K is a vector superfield such that the operators ∇ ′ A satisfy the conditions (B . 10).
Next, we define the connection Γ A and field strength F AB of the operators ∇ A as 12) where the torsion has been defined as
This torsion is the same as that in the original derivatives,
Here we need to impose constraints on the covariant derivatives in order to construct a consistent theory. Next, we solve these constraint equations and obtain proper connections and field strength.
Conventional constraints
When we add covariant terms to the covariant derivatives, the gauge transformations of the covariant derivatives do not change. Therefore, we can take F αα = 0 by replacing Γ ′ αα = Γ αα − iF αα in (B . 12). This implies
Representation-preserving constraints Here we consider the definition of (anti-)chiral superfields used in this theory. We have constructed covariant derivatives, and it is natural to define them covariantly as∇α
In order for the relation∇ ′α Φ ′ = 0 to hold, we stipulate that these fields transform under the gauge transformations as These equations require the representation-preserving constraints Fαβ = −i{∇α,∇β} = 0,
These constraint equations can be solved. The most general solutions are 19) where Ω is an arbitrary complex superfield. Actually, this satisfies We have now obtained a sufficient number of constraints and hence can calculate the Jacobi identities for the covariant derivatives. Doing so, we obtain the field strengths 21) and also obtain constraints on the (anti-)chiral superfields and the Bianchi identity: where Λ satisfiesDαΛ = 0. We show below that these transformations become the gauge transformations in the conventional approach, appearing in (B . 3).
B.3. Conventional approach vs. covariant approach
In this subsection, we study the relations between the conventional approach and the covariant approach.
First, we can (e Ω eΩ) = e Ω eΩ and the gauge transformation e Ω eΩ → e −iΛ e Ω eΩe iΛ from (B . 24) and (B . 25) . Then, it is reasonable to identify e Ω eΩ with e V . Using these correspondences, we can map the action (B . 23) to the action (B . 1), and we thus find that these two approaches give the same theory.
Here we also list their gauge transformations:
covariant approach conventional approach generator K Λ,Λ (K = K) (DαΛ = 0, D αΛ = 0) covariant derivative ∇ ′ A = e −iK ∇ A e iK ∇ ′ cA = e −iΛ ∇ cA e iΛ ∇ ′ aA = e −iΛ ∇ aA e iΛ chiral adjoint matter Φ ′ = e −iK Φe iK Φ ′ 0 = e −iΛ Φ 0 e iΛ anti-chiral adjoint matterΦ ′ = e −iKΦ e iKΦ′ 0 = e −iΛΦ 0 e iΛ gauge multiplet e Ω ′ = e −iΛ e Ω e iK e V ′ = e −iΛ e V e iΛ eΩ ′ = e −iK e Ω e iΛ (B . 27)
Appendix C Non-Commutative Superspace and GL(2|2, R) Matrix
In this appendix, we present the explicit forms of the matricesθ 2 ,θ αθα , . . . , θ 2θ2 . From these expressions, we understand that they satisfy the proper (anti-) commutation relations and that these 15 matrices and 1 4 are linearly independent. We also confirm that the supertraces, defined by (2 . 12), of these matrices are zero, except that ofθ 2θ2 , which is consistent with the Grassmann integral d 2 θd 2θ . 
